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Abstract
We treat the model which describes “extreme black holes” moving slowly. We de-
rive an effective lagrangian in the low energy for this model and then investigate a
statistical behavior of “extreme black holes” in the finite temperature.
1 Introduction
“Extreme black holes” are the objects (solitons) which have a certain condition between electric charge
and mass; these two horizons coincide with each other. In other words, “extreme black holes” realize
when three forces (the gravitational force, the electric force and the dilaton force) between dilatonic
black holes are cancelled with each other. We regard “extreme black holes” as point particles, so we
consider that the collection of these particles is expressed by the scalar field. For the static case, we
know that the solution of “extreme black holes” is the Papapetrou-Majumdar-Myers solution [1, 2, 3].
On the other hand, we consider “extreme black holes” for the dynamical case, we derive a theoretical
model of a (non-relastivistic) field including the low energy interaction of “extreme black holes”. In the
finite temperature, we examine the structure of the gas of “extreme black holes”. As a result, we will
show that the gas of “extreme black holes” lumps at the high temperature.
2 Effective Lagrangian
In this section, we derive an effective lagrangian for “extreme black holes” of which a typical velocity v
is slow. In the classical theory, the action of particles, which have mass m and charge e, coupled to the
gravitational field, the electromagnetic field and the dilaton field, is
I = −
∫
ds
[
meaφ + eAµ
dxµ
ds
]
, (1)
where φ is a dilaton field, a is the coupling constant of the dilaton field. Then, the four-momentum of
the particle is
Pµ = me
aφgµν
dxν
ds
− eAµ. (2)
This four-momentum satisfies the following equation:
gµν(Pµ + eAµ)(Pν + eAν) +m
2e2aφ = 0. (3)
Next, in quantum theory, we can rewrite this equation (3) into a wave equation for a wave function
ϕ: [
gµν(Pµ + eAµ)(Pν + eAν) +m
2e2aφ
]
ϕ = 0. (4)
So the action which gives this wave equation is
Sm =
∫
d4x
√−g
[
−ϕ∗e−aφgµν(Pµ + eAµ)(Pν + eAν)ϕ−m2eaφϕ∗ϕ
]
, (5)
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where we regard ϕ as a “field” from now on. Therefore the total action including interactions is
S =
∫
d4x
√−g
16π
[
R− 2(∇µφ)(∇µφ)− e−2aφFµνFµν
]
+ Sm, (6)
which leads to the following field equations,
∇2φ+ a
2
e−2aφF 2 + 4πa
[
e−aφ ϕ∗(P + eA)2ϕ− eaφm2 ϕ∗ϕ
]
= 0, (7)
Rµν − 1
2
gµνR = 2
[
∇µφ∇νφ− 1
2
gµν(∇φ)2
]
+ e−2aφ
[
2F 2µν −
1
2
gµνF
2
]
+16π
{
e−aφRe
[
ϕ∗(Pµ + eAµ)(Pν + eAν)ϕ
− 1
2
gµνϕ
∗(P + eA)2ϕ
]
− 1
2
gµνe
aφm2ϕ∗ϕ
}
, (8)
∇µ
[
e−2aφFµν
]
= 8πe e−aφϕ∗gνλ(Pλ + eAλ)ϕ. (9)
From now on we consider in the lowest order of a typical velocity v of “extreme black holes”, so we
assume as follows:
ds2 = −U−2(dt+Bidxi)2 + U2dx2 , (10)
U = V (x)
1
1+a2 , (11)
e−2aφ = V
2a2
1+a2 , (12)
A0 =
1√
1 + a2
(
1− 1
V
)
, (13)
Ai ∼ Bi = O(v). (14)
Under these ansatze, for a static configuration (Ai = Bi = 0), a vacuum solution satisfies
∂2V = 0, (15)
which means that this vacuum solution represents an arbitrary number of “extreme black holes” [1, 2, 3].
One can find that the relation between mass m and electric charge e of a particle is, as seen from the
correspondence of “extreme black holes”,
e
m
=
√
1 + a2. (16)
Next, we consider the low energy limit, −P0 −m = E −m≪ m. Then
P0 + eA0 = P0 +
e√
1 + a2
(
1− 1
V
)
= P0 +
(
1− 1
V
)
≈ −m 1
V
, (17)
Pi + eAi −Bi(P0 + eA0) ≈ Pi + e
(
Ai +
1√
1 + a2
1
V
Bi
)
≡ Pi + eAˆi, (18)
where
Aˆi ≡ Ai + 1√
1 + a2
1
V
Bi , (19)
and
Fˆij ≡ ∂iAˆj − ∂jAˆi
= F˜ij − 1√
1 + a2
1
V
Gij , (20)
where
F˜ij ≡ Fij +BiFj0 −BjFi0, (21)
Gij ≡ ∂iBj − ∂jBi. (22)
Taking the low energy and non-relativistic limit −P0 −m = E −m≪ m, |Pi + eAˆi|2 ≈ m2v2 ≪ m2,
we solve explicitly the field equations (7), (8) and (9). From the dilaton field equation (7), the (0 0)
component of the gravitational field equation (8) and the time component of the electromagnetic field
equation (9), in the lowest order, we obtain
∂2V + 8π(1 + a2)m2U3|ϕ|2 = 0. (23)
From the (0 i) component of the gravitational field equation (8), we get
∂ℓ
[
V
2(a2−1)
1+a2
1
V 2
Gℓi
]
= 4
√
1
1 + a2
∂ℓ
[
V
2(a2−1)
1+a2
1
V
F˜ℓi
]
− 4
√
1
1 + a2
1
V
∂ℓ
[
V
2(a2−1)
1+a2 F˜ℓi
]
+ 32π
m
V
e−aφ ϕ∗(Pi + eAi)ϕ, (24)
On the other hand, the space component of the electromagnetic field equation (9) reads
∂ℓ
[
V
2(a2−1)
1+a2 F˜ℓi
]
= 8πe e−aφϕ∗(Pi + eAi)ϕ. (25)
We define an antisymmetric tensor field Hij as
Hij ≡ 4
√
1
1 + a2
F˜ij − 1
V
Gij . (26)
From eqs. (24) and (25), the antisymmetric tensor field equation is
∂ℓ
[
V
2(a2−1)
1+a2
1
V
Hℓi
]
= 0. (27)
As stated, the (0 i) component of the gravitational field equation (8) and the space component of the
electromagnetic field equation (9) are
− 1 + a
2
3− a2 ∂ℓ
[
V
2(a2−1)
1+a2 Fˆℓi
]
= 8πe e−aφ ϕ∗(Pi + eAˆi)ϕ, (28)
By the way, from eqs. (20) and (26), we can obtain the following relation:
1
4
1
V 2
G2 − F˜ 2 = 1 + a
2
3− a2
(
Fˆ 2 − 1
4
H2
)
. (29)
Now we consider the effective lagrangian. From the total action (6),
L =
√−g
{
1
16π
[
R− 2 (∇φ)2 − e−2aφ F 2
]
+
[
−ϕ∗e−aφgµν(Pµ + eAµ)(Pν + eAν)ϕ−m2eaφϕ∗ϕ
]}
≈ 1
16π
V
2(a2−1)
1+a2
[
1
4
1
V 2
G2 − F˜ 2
]
+
[
V U3ϕ∗
(
P0 + eA0
)2
ϕ− 1
V
m2U3ϕ∗ϕ− 1
V
V
2(a2−1)
1+a2 U3ϕ∗
(
Pi + eAˆi
)2
ϕ
]
=
1
16π
V
2(a2−1)
1+a2
[
1 + a2
3− a2
(
Fˆ 2 − 1
4
H2
)]
+
[
V U3ϕ∗
(
P0 + eA0
)2
ϕ− 1
V
m2U3ϕ∗ϕ− 1
V
V
2(a2−1)
1+a2 U3ϕ∗
(
Pi + eAˆi
)2
ϕ
]
. (30)
In the first term of this effective lagrangian, Hij can be regarded as an external field because Hij does
not couple to the scalar field ϕ. Because there is no external field in the model which we have considered,
we consider only the interactions among black holes, thus Hij ≡ 0.
We introduce a non-relativistic field ψ:
ψ ≡
√
2mU3/2 ϕ, (31)
where since (−g(3))1/4 = U3/2, we obtain a correct measure. So the effective lagrangian in the low energy
is
L = ψ∗
(−P0 −m)ψ − 1
2mV (3−a2)/(1+a2)
ψ∗
(
P + eAˆ
)2
ψ
+
1
16π
1 + a2
3− a2
1
V 2(1−a2)/(1+a2)
Fˆ 2, (32)
where V satisfies the following equation:
∂2V + 4π (1 + a2)m |ψ|2 = 0. (33)
As a check, varying this effective lagrangian (32) with respect to Aˆ, we can derive again the field equation
(28) in the low energy approximation:
− 1 + a
2
3− a2 ∂ℓ
[
V
2(a2−1)
1+a2 Fˆℓi
]
= 8πe e−aφ ϕ∗(Pi + eAˆi)ϕ. (34)
3 Hartree - Fock Approximation in the Finite Temperature
First we rewrite the effective lagrangian (32) derived in the previous section as follows:
L = ψ∗ i
∂
∂t
ψ − 1
2M
ψ∗
(
P + e˜A
)2
ψ +
1
16π
F 2ij , (35)
where we omitted hat for simplicity. We have also used the notations:
M ≡ mV 3−a
2
1+a2 , (36)
e˜2 ≡ 3− a
2
1 + a2
V
2(1−a2)
1+a2 e2
= (3− a2)V
2(1−a2)
1+a2 m2. (37)
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Fig. 1: Self-energy of the scalar field.
The relation between mass m and electric charge e is again
e
m
=
√
1 + a2. (38)
Next we consider the field theory in the finite temperature [4]. We define the propagator of the vector
field A:
νij(q) = ν(q)
(
δij − qiqj
q2
)
. (39)
In the lowest order, the self-energy of the scalar field is
Σ(k) = − 1
βV
1
4M2
∑
q,ℓ
ν(k − q)
iωℓ − ǫ′q
[
(k + q)2 − {(k+ q) · (k − q)}
2
(k − q)2
]
, (40)
(see Fig. 1) where V is the volume of the system, β = 1/T (T is the temperature of the system),
ωℓ( = 2ℓπ/β) is a frequency and
ǫ′k =
1
2M
k2 +Σ(k)− µ. (41)
(µ : a chemical potential.)
In the lowest order, ν(q) = e˜2/q2. We transform the sum over q, ℓ into integral representations; we can
rewrite the self-energy of the scalar field (40) as
Σ(k) =
e˜2
4M2
1
(2π)3
∫
d3q fq
1
(k − q)2
[
(k + q)2 − {(k + q) · (k − q)}
2
(k − q)2
]
=
e˜2
M2
1
4π2
∫
∞
0
dq q2fq
[
−1− k
2 + q2
2kq
ln
∣∣∣∣k − qk + q
∣∣∣∣
]
, (42)
where fq is a distribution function of the scalar field:
fq ≡ 1
eβǫ
′
q − 1 . (43)
The self-energy of the scalar field Σ(k) is, by non-relativistic treatment,
− 1− k
2 + q2
2kq
ln |k − q
k + q
| ≈ 4k
2
3q2
. (44)
From eq. (44), there is no constant term in terms of k, so can write approximately
Σ(k) ≈ 1
2
Bk2, (45)
where B is a constant.
From now on we consider the high temperature approximation. Then the distribution function of the
scalar field is
fq ≈ e−βǫ
′
q (46)
Therefore (self-consistent) Hartree - Fock equation is
Σ(k) ≈ 1
2
Bk2
≈ e˜
2
4π2M2
∫
∞
0
dq q2fq
4k2
3q2
=
1
2
4 e˜2 eβµ
3(2π)3/2M2
[
β
( 1
M
+B
)]−1/2
k2. (47)
As a result, we get
B =
4 e˜2 eβµ
3(2π)3/2M2
[
β
( 1
M
+B
)]−1/2
. (48)
So the solution of eq. (48) in terms of B is
B =
4 e˜2 eβµ
3(2π)3/2M2
√
M
β
(
cos
θ
3
+
1√
3
sin
θ
3
)
−1
, (49)
where
θ = sin−1
2
√
3 e˜2eβµ
(2π)3/2
√
βM
. (50)
On the other hand, the particle density n is
n =
1
(2π)3
∫
d3q fq
=
eβµ
(2π)3/2
[
β
( 1
M
+B
)]
−3/2
. (51)
The particle density can also be written by |ψ|2, therefore
|ψ|2 = n = eβµ
( M
2πβ
)3/2 [
cos
θ
3
+
1√
3
sin
θ
3
]
−3
. (52)
Now we have to solve the following equation with this equation (52)
∂2V + 4π (1 + a2)m |ψ|2 = 0. (53)
For solving explicitly eq. (53), let us assume the spherical symmetry and define the following quantities:
n0 ≡ eβµ
( m
2πβ
)3/2
, (54)
r˜ ≡
√
Gmn0 r, (55)
δ ≡ 2
√
3Gn0β, (56)
where G is the Newton constant. Then eq. (53) for V is
1
r˜2
(
r˜2V (r˜)
′
)
′
= 4π (1 + a2)V (r˜)
3(3−a2)
2(1+a2)
(
cos
θ
3
+
1√
3
sin
θ
3
)
−3
, (57)
where prime denotes derivative with respect to r˜, and
θ(r˜) = sin−1
[
(3− a2)V (r˜)
(1−3a2)
2(1+a2) δ
]
. (58)
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Fig. 2: The density distribution of the isothermal sphere of “extreme black holes” for different values of
the coupling constant of the dilaton field; (1) a2 = 0, (2) a2 = 1 and (3) a2 = 2. The solid line denotes
δ = 0 (the high temperature limit), the broken line δ = 1 and the dotted line δ = 10.
From eqs. (52), (57) and (58), we have calculated numerically the relation between the radius r˜ and
the particle density |ψ|2 of the isothermal sphere of “extreme black holes”. (see Fig. 2.) As seen from
Fig. 2, we find that as δ is the smaller, that is, the temperature is the higher, the particles lump the more
tightly, because the magnetic force acts among the particles as the attractive force in order v2 from the
electromagnetic field equation (9). And we see that as the coupling constant of the dilaton field is the
larger, the particles lump the more tightly. In particular, there is a critical point whether an extent of the
edge exists or not. For the case a2 = 3, the effective lagrangian represents the free lagrangian, therefore
the particles correspond to the free particles.
4 Conclusion
In this paper, we have derived the effective lagrangian of “extreme black holes” in the low energy. For the
finite temperature, we have obtained Hartree - Fock equation and then we have seen the structure of the
isothermal sphere distribution of “extreme black holes”. In the high temperature, the gas of “extreme
black holes” have been lumped by the attractive force. We have seen that there is the critical point at
a2 ∼ 1 whether an extent of the edge exists or not.
In future work, we will evaluate the correction by the self-energy of the vector field A (see Fig. 3),
consider the case of the low temperature, that is, the condensation, take the statistics of “extreme black
holes” into consideration and study the calculation by means of a lattice space.
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